Abstract. Heninger, Rains and Sloane proved that the nth root of the theta series of any extremal even unimodular lattice in R n has integer coefficients if n is of the form 2 i 3 j 5 k (i ≥ 3). Motivated by their discovery, we find the congruences between extremal modular forms and theta series of special types modulo powers of 2 and 3. This assertion enables us to prove that the 2nth root and the (3n/2)th root of the extremal modular form of weight n/2 have at least one non-integer coefficient.
Introduction and statement of results
For any even integer k > 2, let M k denote the space of modular forms of weight k on = PSL(2, Z). We can write k uniquely in the form k = 12m + 4δ + 6 with m ∈ Z ≥0 , δ ∈ {0, 1, 2}, ∈ {0, 1}, and then dim M k = m + 1. From the theory of modular forms on , it is easy to see that the extremal modular forms are uniquely determined by the weight. The theta series of extremal even unimodular lattices are extremal modular forms. However, extremal modular forms are not necessarily the theta series of extremal even unimodular lattices. Let F k (τ ) denote the extremal modular form of weight k. We define Jacobi theta functions θ 2 (τ ), θ 3 (τ ) as follows: Other useful theta functions are as follows:
n,m∈Z q (n 2 +nm+m 2 ) = 1 + 6q + 6q 3 + 6q 4 + 12q 7 + 6q 9 + · · · ,
It is well known that ψ 0 (τ ) = θ 3 (2τ )θ 3 (6τ ) + θ 2 (2τ )θ 2 (6τ ).
We shall prove the following theorems. THEOREM 1.2. Let e be the largest integer such that 2 e divides 2k and t the integer such that
. Let e be the largest integer such that 3 e divides 2k and t the integer such that
Here 
Proof of Theorem 1.2
We begin by giving the definition of the special modular forms E 4 (τ ), E 6 (τ ) and (τ ):
As a basis of M k , we can take
m).
Our object is to prove Theorem 1.2. We need some preparations. Put
We recall the following known result from Ono [4, p. 33 ].
LEMMA 2.1. We have
LEMMA 2.2. In the above notation, we have
Proof. We have
which is equal to (τ ) (mod 2) by using Lemma 2. 
LEMMA 2.5. We have
By Lemma 2.2, the right-hand side of the above congruence is equal to 2 e+1 (τ ) (mod 2 e+2 ). 2 LEMMA 2.6. We have
Proof. We can use the same argument as above by using Corollary 2.4, then we get
Changing τ for 2 t τ in this congruence, we get the desired statement, because (τ )
With the preparation of these lemmas and the corollary, we start to prove Theorem 1.2. First we deal with the case k ≡ 0 (mod 4). We can factor 2k = 2 e r with odd r. Then e ≥ 3. 4 and (θ 2 (2τ )/2) 8 are a basis of the space of modular forms of weight 4 on 0 (4), we can write
Hence we have
If m = 0, then t = 0. In this case, k = 4 and 8. Then
The above congruence (1) shows that
Hence Theorem 1.2 is proved when m = 0. We can assume that m ≥ 1. Taking the 2 e−3 rth power of the congruence (1), we have
.
where n = 2 e−3 r. We can determine the b i inductively. For example, −b 1 is equal to the coefficient of q in E n 4 and −b 2 is equal to the coefficient of
By Lemma 2.6, we have
If m = 1, the left-hand side of the above congruence is equal to F k (τ ). If m = 1, then t = 1. Hence Theorem 1.2 is proved when m = 1. Now we can assume that m ≥ 2. Then we have
(mod 2 e+2 ).
Since
If m = 2 and 3, then t = 2. In this case, the second term of the right-hand side of (2) does not exist. Hence Theorem 1.2 is proved when m = 2 and 3. Now we can assume that m ≥ 4 and 1 + m ≤ 2 t . By using the above argument inductively, we have
Hence we obtain the proof of Theorem 1.2 in the case k ≡ 0 (mod 4). Next we deal with the case k ≡ 2 (mod 4). Then e = 2. Hence we shall prove the following congruence:
12 are a basis of the space of modular forms of weight 6 on 0 (4), we can write
We can write
where = (k − 6)/4. Using the congruences (1) and (3), we have
Since we can use the similar argument to the case k ≡ 0 (mod 4), we omit the detail. This completes the proof. 
Proof of Theorem 1.3
Our object is to prove Theorem 1.3. We need some preparations. Put
We denote the Fourier expansions of (τ ) and h(τ ) as follows:
We recall the following known result from Berndt and Ono [2, p. 65].
LEMMA 3.1. Let p be any prime. Then we have
Proof. Let D be the integer ring of the imaginary quadratic field Q( 
mod 3). Since (τ ) is a common eigenfunction of Hecke operators, τ (p)τ (p i ) = τ (p i+1 ) + p 11 τ (p i−1 ) for any positive integer i. Hence we have τ (p)τ (p i ) ≡ τ (p i+1 ) + τ (p i−1 ) (mod 3). Using this congruence, we can prove that τ (p i ) ≡ i + 1 (mod 3). This implies that τ (p i ) ≡ a(p i ) (mod 3) for any positive integer i.

Suppose that p ≡ 2 (mod 3). Then p is a prime in D.
Hence
if i is even and a(p i ) = 0 if i is odd. By Lemma 3.1, τ (p) ≡ 0 (mod 3). Since τ (p)τ (p i ) ≡ τ (p i+1 ) − τ (p i−1 ) (mod 3), we can prove that τ (p i ) ≡ 1 (mod 3) if i is even and τ (p i ) ≡ 0 (mod 3) if i is odd. This implies that τ (p i ) ≡ a(p i ) (mod 3) for any positive integer i.
Since 
) · · · a(p e s s ). Hence we have a(3n) = a(n).
Therefore, the coefficient of q n in h(τ ) − h(3τ ) is equal to 0 if 3 divides n. Since τ (3) = 252 ≡ 0 (mod 3), we have τ (3 i ) ≡ 0 (mod 3). Therefore, the coefficient of q n in (τ ) is congruent to 0 modulo 3 if 3 divides n. To complete the proof, we have to show that, for any positive integer n which is prime to 3,
Since (τ ) is a common eigenfunction of Hecke operators, τ (n) also satisfies the multiplication formula τ (n) = τ (p 
Since 3 j − j ≥ 2 for j ≥ 1, we can prove that 3 e i 2 i 3 i ≡ 0 (mod 3 e+2 ) . This completes the proof. 2 LEMMA 3.4. Let e be any integer such that e ≥ 0. We have
Proof. By Lemma 3.3, we have
Using the fact that h(3τ ) ≡ h 3 (τ ) (mod 3), we have by Lemma 3.2
Arguing as in the proof of Corollary 2.4 and Lemma 2.6, we have the following result.
LEMMA 3.5. Let s be any positive integer which is prime to 3 and let i be any integer such that i ≥ 0. Then we have
With the preparation of these lemmas, we start to prove Theorem 1.3. Since ψ 0 (τ ) 4 and ψ 0 (τ ) · (ψ 1 (τ )/3) 3 are a basis of the space of modular forms of weight 4 on 0 (3), we can write
) 6 are a basis of the space of modular forms of weight 6 on 0 (3), we can write
From these, we have the following congruences:
Taking the 3 e−1 th power of both sides of (6), we have
(mod 3 e+2 ).
By Lemma 3.3, we have
First we deal with the case k ≡ 0 (mod 3). We can factor k = 2 · 3 e s where s is prime to 3 and e ≥ 1. Then k = 12m + 6 . As a basis of M k , we can take E 6 (τ ) 3 e−1 s and
. Therefore, we can write 3 e+2 ) , we have the following congruence:
We can determine the c i inductively. Arguing as in the proof of Theorem 1.2, it is straightforward to obtain the congruence
Next we deal with the case k is prime to 3. Then e = 0. First we assume that k ≡ 0 (mod 4), so k = 12m + 4δ. Then we can write
Arguing as in the proof of Theorem 1.2, it is straightforward to obtain the congruence
Next we assume that k ≡ 2 (mod 4), so k = 12m + 4δ + 6. Then we can write
Since the argument is the same as above, we omit that. This completes the proof of Theorem 1.3.
Proof of Theorem 1.4
By Theorem 1.2, we have
This implies that the 2 e th root of F k (τ ) has integer coefficients. We want to go one step further. ) (mod 2).
The 2 e+1 th root of F k (τ ) is given by
The second term is (1/2 e+1 ) · 2 e+1 f = f. Hence all coefficients are integers. The third term is −((
, the denominator of the coefficient of q 2 t+1 in this term is non-zero and is divisible by 2.
To complete the proof, it suffices to show that the coefficient of q 2 t+1 in the remaining terms is an integer. The fourth term is ((2 e+1 − 1)(2 e+2 − 1)/6)f 3 . Since f 3 ≡ α 3 q 3·2 t + O(q 3·2 t +1 ) (mod 2), the coefficient of q m where m is smaller than 3 · 2 t is an even integer. Let c denote the coefficient of q 2 t+1 in f 3 . Then the coefficient of q 2 t+1 in the fourth term is given by ((2 e+1 − 1)(2 e+2 − 1)/6)c ,which is easily seen to be an integer.
The first non-zero term in f 4 is q 4(m+1) . 
